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FIGURE 3.2

Temperature dependence of the energy gap in the BCS theory. Strictly speaking, this universal curve
holds only in a weak-coupling limit, but it is a good approximation in most cases.

3.6.3 Thermodynamic Quantities

With A(T) determined, the temperature-dependent set of fermion excitation ener-
gies By = [& + A(T)z]'/ 2 is fixed. These energies determine the quasi-particle
occupation numbers fx = (1 —}-eBEk)_I, which in turn determine the electronic
entropy in the usual way for a fermion gas, namely,

Ses = =2k > _[(1 = fi) In (1 = fio) +fi In fi] (3.55)
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Given S.;(T), the specific heat can be written as
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The first term is the usual one coming from the redistribution of quasi-particles
among the various energy states as the temperature changes. The second term is
more unusual and describes the effect of the temperature-dependent gap in chang-
ing the energy levels themselves.

Evidently, both terms in C,, will be exponentially small at T <€ T,, where
the minimum excitation energy A is much greater than kT. This accounts for the
exponential form (1.13) noted earlier. Another interesting limit is very near T..
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Then, as A(T) — 0, one can replace Ex by [&| in (3.56). The first term then
reduces to the usual normal-state electronic specific heat

Con =T = EN(O) (3.57)

which 1s continuous at 7T,. The second term 1s finite below T,, where dAz/dT 1S
large, but it is zero above T, giving rise to a discontinuity AC is the electronic
specific heat at T,. The size of the discontinuity is readily evaluated by changing

the sum to an integral, as follows:
dA?
ac = o -l =Nk () [ (50
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where we have used the fact that 9f/0|&| = Of/0¢ since Of/0¢ is an even function
of ¢£. Using the approximate form (3.54) for A(T), with A(0) = 1.76kT,, we
obtain AC = 9.4N(0)k*T,. Comparing with (3.57), we find that the normalized
magnitude of the discontinuity is
AC 94
Cen 27m/3

(3.58)

= 1.43 (3.59)

The overall behavior of the electronic specific heat is sketched in Fig. 3.35.

With C,.(T') determined numerically from (3.56), we can integrate it to find
the change in internal energy U(T) as we decrease the temperature from 7. At
T., it must be the same as the normal value U,,(0) — %*yTg since the specific heat
remains finite there. Thus,

T,
Ues(T) = Upn(0) + WT?2 - L C,s dT (3.60)

From this and the entropy (3.55) we may then compute the free energy
Fos(T) = Ues(T) — TSes(T) (3.61)

Assuming that the effect of the superconducting transition on the lattice free
energy can be neglected, the thermodynamic critical field is then determined
through the relation

HY(T)
8

where Fon(T) = Uen(0) —34T?. These various thermodynamic quantities are
plotted in Fig. 3.3. A useful numerical tabulation has been given by
Miihischlegel.'®

= Fou(T) — Fu(T) (3.62)

'“B. Miihlschlegel, Z. Phys. 155, 313 (1959).
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FIGURE 3.3
Comparison of thermodynamic quantities in superconducting and normal states. U.,(0) is chosen as
the zero of ordinates in (c) and (d). Because the transition is of second order, the quantities S, U, and F
are continuous at 7.. Moreover, the slope of F, joins continuously to that of F,, at T,, since
OF/oT = -S.

Since the critical-field curve H.(T) can be measured with greater accuracy
than can typical thermodynamic quantities, it is of some importance to note that
one can be derived from the other by rigorous thermodynamic computations,
starting from (3.62). For example, the approximate parabolic temperature depen-
dence of H, quoted in (1.2) is inconsistent with an exponential variation of C,,
such as that quoted in (1.13), but it is consistent with a T3 variation. Precise
measurements of the deviation of H.(T) from the parabolic approximation have
been used by Mapother®® to test the BCS predictions of thermodynamic proper-
ties.

2D, E. Mapother, Phys. Rev. 126, 2021 (1962).



